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Abstract
Surfactants in aqueous solutions self-assemble in the presence of salt, to form long, flexible worm-like micelles (WLM). WLM
solutions exhibit viscoelastic properties and are used in many applications, such as for cosmetic products, drag reduction
and hydraulic fracturing. The dynamics of bubbles in WLM solutions are important considerations for the stability of
many of these products. In this manuscript, we investigate the thin film drainage dynamics leading up to the coalescence
of bubbles in WLM solutions. The salts and surfactant type and concentrations were chosen so as to have the viscoelastic
properties of the tested WLM solutions span over two orders of magnitude in moduli and relaxation times. The various
stages in drainage and coalescence - the formation of a thick region at the apex - a dimple, the thinning and washout of
this dimple and the final stages of drainage before rupture, are modified by the viscoelasticity of the wormlike micellar
solutions. As a result of the unique viscoelastic properties of the WLM solutions, we also observe a number of interesting
fluid dynamic phenomena during the drainage process including elastic recoil, thin film ripping and single-step terminal
drainage.
1. Introduction
Micelles are self-assembled surfactant molecules compris-
ing of a hydrophilic head and a hydrophobic tail. In a mi-
celle formed in an aqueous solution, the hydrophobic group
is hidden within the core, exposing the hydrophilic heads.
Most surfactants self-assemble in solution above their crit-
ical micellar concentration (CMC), to form spherical mi-
celles. In some cases, particularly in the presence of salt,
these molecules form long, flexible chains, which are called
worm-like micelles (WLM) [1, 2]. At a high enough concen-
tration, these supramolecular chains interact and entangle
in the same manner as long chained polymers [3, 4]. This
gives the solution its unique viscoelastic properties.
The rheology of the worm-like micelles are intrinsically
connected to the morphology of the micelles, which change
with the surfactant concentration (CD) and the salt concen-
tration (CS). The degree of entanglement of these micelles
change as a function of the salt to surfactant ratio (CSC−1D )
up to a critical value close to one, with lower CSC−1D be-
having like low molecular weight polymer solutions and at
higher values like high molecular weight polymer solutions
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[5]. In the low CSC−1D limit, their behavior can be de-
scribed by the Rouse and Zimm theories. Further, it was
observed that as CSC−1D increased, the length of the chains
increased, without any noticeable change in the diameter of
the micelles [6]. Above a critical value of CSC−1D , their be-
havior can be modeled by a Maxwell model with a constant
plateau modulus (E0) and a single relaxation time (λ); with
E0 proportional to C−2.2D and independent of CSC
−1
D , and
λ decreasing with increasing CSC−1D [5]. This is a conse-
quence of stress relaxation through chain breakage becom-
ing energetically favorable over reptation (τb  τrep) at
higher CSC−1D , resulting in a behavior similar to a Maxwell
fluid with a relaxation time of τm =
√
τbτrep [2, 3, 7].
Worm-like micelles are commonly used in many applica-
tions [7, 8] due their interesting rheological properties, both
in the linear regime [4, 5, 9, 10] as well as the non-linear
regime [11, 12]. Noteworthy applications include the use
of WLM solutions as bases for cosmetic products, drag re-
duction agents and hydraulic fracturing agents. In many
of these applications, WLM solutions encounter both solid
particles and gas bubbles. As such, a number of studies
have been focused on documenting the dynamics of par-
ticles and bubbles in viscoelastic WLM solutions. Unlike
in purely viscous liquids, studies have revealed that a set-
tling solid particle never reaches a terminal velocity, and
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Figure 1: Schematic of the Dynamic Fluid-Film Interferometer (DFI) used to perform the reported experiments and a typical interferogram
obtained from the experiments with worm-like micelles. (a.) The setup with the labeled components. (b.) The initial and final positions of the
bubble during an experiment. Here R is the radius of curvature of the bubble, h(r, θ) is the film thickness as a function of the radial position
(r) and angular position θ, and R0 is the radial extent of the film visible on the interferogram. (c.) An interferogram showing the asymmetric
dissipation of a dimple (the thick region in the film) following its instability. The adjacent tile shows physical film thickness corresponding to the
interferogram. A star is used to mark the corresponding points in the interferogram and the reconstruction.
instead exhibits oscillatory motion in the stream wise di-
rection [13–16]. Others studies have also documented the
impact of aqueous drops on WLM films [17], the impact of
WLM drops on hydrophobic substrates [18] and the pinch-
off dynamics of WLM drops [19].
The dynamics of bubbles in WLM solutions has also gar-
nered significant attention. Similar to the solid particle
case, the rise of bubbles in a worm-like micellar solution
is known to exhibit oscillatory behavior due to the non-
Newtonian nature of the fluid [1, 20]. The elasticity of
WLM solutions also leads to interesting trends during the
rupture dynamics of bubbles [21, 22]. Despite the rich lit-
erature surrounding bubble interactions in WLM solutions,
the important events leading up to bubble coalescence in
WLM solutions has not been explored.
In many of the applications of WLM fluids such as cos-
metic products, the stability of air bubbles against coales-
cence is an important quality control. The drainage of the
fluid trapped between these air-solution interfaces and the
subsequent coalescence process can be studied with the help
of the model system of a single air bubble coalescing against
a flat air-solution interface [23]. A custom built instrument,
referred to as the dynamic fluid-film interferometer (DFI)
has been used in the past to study the bubble drainage in
non-aqueous lubricants [24, 25] and aqueous surfactant [23]
and protein [26, 27] solutions.
In this work, we used the DFI to study the coales-
cence of bubbles in worm-like micellar solutions consist-
ing of the surfactant, hexadecyltrimethylammonium bro-
mide (CTAB) and the salt, sodium salicylate (NaSal) at
different surfactant and salt concentrations. In section 2,
we detail the characterization techniques and experimental
protocols. In section 3, we report the drainage dynamics
of bubbles in WLM solutions, focusing both at the onset
of capillary drainage and the final stages of film thinning
before coalescence. These results link the phenomena of
thin film drainage with the relaxation processes observed
in these self-assembled structures, and thus advance the
understanding of bubble stability in WLM fluids.
2. Materials and Methods
2.1. Sample Preparation
Solutions with worm-like micelles were prepared by
dissolving a cationic surfactant, hexadecyltrimethylam-
monium bromide (CTAB) and a salt, sodium salicylate
(NaSal) in water at various concentrations (CD) and (CS)
respectively to span different regimes in viscoelasticity.
During sample preparation, the surfactant was dissolved
first and the salt was added slowly with stirring, to avoid
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Figure 2: Dynamic oscillatory shear rheology and viscosity measurements of the tested worm-like micellar solutions. a The elastic (G′) and the
viscous (G′′) modulus of solutions with low surfactant concentration (CD < 0.01 mol L−1) and different salt concentrations. The peak elastic and
viscous moduli vary over two orders of magnitude across the samples. b The elastic (G′) and viscous (G′′) modulus of solutions with surfactant
concentration CD = 0.1 mol L−1 and different salt concentrations. The peak elastic and viscous moduli are comparable across the samples, while
the cross-over frequency varies by two orders of magnitude. c Viscosity measurements of all tested samples. Note: the one sided error bars are
standard deviations measured across three separate measurements. See Supplementary Information Table for the numerical values of the
relaxation time, zero shear viscosity and plateau modulus.
clumping and heterogeneity. Subsequently, the samples
were equilibrated for at least two days before performing
the experiments.
2.2. Bulk Rheology
Shear rheology was measured using the TA Instruments
Discovery HR-3 rheometer with a 2° cone and plate geome-
try (20 mm radius). Before each experiment, surfaces were
cleaned with ethanol and water. 0.625 ml of the WLM so-
lution was added to the plate and the cone was lowered to
fill the gap of 50 µm with the sample. Frequency sweeps
were performed in the range 6.28×10−3 to 6.28 rad/s (10−3
to 1 Hz) to determine the elastic and viscous moduli for
the solutions.
2.2.1. Experimental Setup
The thin film drainage experiments reported in the
manuscript was performed using the so called dynamic
fluid-film interferometer, hereon DFI (Fig. 1a). The specific
details regarding its construction is available in Frostad et
al. [23] and in references therein. Prior to the start of every
experiment reported here, the selected WLM solution was
added to a Delrin chamber, and an air bubble of radius R
and volume 1.2 ± 0.15µL was created through a 16-gauge
blunt tipped needle (1.194 mm ID; 1.651 mm OD). This
bubble volume was selected to avoid any instabilities asso-
ciated with manipulating bubbles on capillaries [28]. The
bubble was formed using a syringe pump (Harvard Appa-
ratus Pico Plus 11, Harvard Apparatus, Holliston, MA)
and the pressure was measured using a transducer (Omega
PX409, OMEGA Engineering Inc., Stamford, CT). A cam-
era (ThorLabs DCU223C) imaged the bubble from the side,
providing real time feed back on the bubble position and
volume. A DC Servo Actuator (Newport TRB25CC) pro-
vided vertical translation and lowered the chamber to po-
sition the bubble at a distance R from the flat air-solution
interface (Fig. 1b). This was the initial state of the system
before all the experiments.
At this point the experiment starts with the pressure
transducer measuring the pressure inside the bubble at
20 Hz. After the pressure was monitored for 10 seconds
(to make sure there are no fluctuations in the size of the
bubble), the air-solution interface was lowered at a velocity
of 0.15 mm/s through a distance of 1.5 times the bubble
radius from its initial position and held at that final posi-
tion. A camera at the top (IDS UI-3060CPC) recorded the
thin film interferograms (Fig. 1c), and was illuminated with
a white light source (CCS Inc. LAV-80SW2) that passed
through a dichroic filter (Edmond Optics #87245, peak
pass bands: 457nm, 530nm and 628nm). The film thickness
was obtained by mapping the colors in the recorded inter-
ferograms to physical thickness using the classical light in-
tensity - film thickness relations [29] assuming homogeneous
and non dispersive films. A Python 2.7 based software was
developed in-house [23] to aid thickness mapping and visu-
alizing the thickness profiles.
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3. Results and Discussion
3.1. Rheology of the WLM solutions
The dynamic oscillatory rheology measurements of the
tested WLM solutions over a frequency range of 6.28×10−3
to 6.28 rad/s is shown in Fig. 2a and Fig. 2b. The tested
WLM solutions were selected from literature [3, 5, 30] so
as to have the elastic (G′) and viscous modulus (G′′) of
the samples span about three orders of magnitude. The
cross-over frequency, which is equivalent to the relaxation
time for these simple Maxwell fluids, spans about two or-
ders of the magnitude. For ease of observation, the tested
samples have been displayed in two sub-figures, with Fig.
2a showing samples having a low surfactant concentration
(CD < 0.01 M), while Fig. 2b shows samples having a high
surfactant concentration (CD = 0.1 M).
The dynamic viscosity of the tested samples, as a func-
tion of shear rate over a range of 4 × 10−3 to 103 Hz, is
shown in Fig. 2c. As expected the samples have a zero
shear viscosity that changed non-linearly with the salt and
surfactant concentration [31]. Above a critical shear rate
all the samples were shear thinning.
3.2. Drainage of thin films
The rupture dynamics (death) of bubbles in worm-like
micellar solutions are known to deviate from those pre-
dicted by the classical models such as the Taylor-Culick
model. This is a consequence of the finite bulk elasticity of
WLM solutions that enhances the driving force for bubble
rupture [21, 22]. In the subsequent sections we will detail
the influence of bulk viscoelasticity on the early life of bub-
bles in WLM solutions.
As a bubble approaches the air-solution interface, a thin
liquid film of thickness h(r, θ, t) separates the bubble from
the ambient air (Fig. 1b). Depending on the properties of
the draining fluid and the interfaces sandwiching this fluid
film, a thick region referred to as the dimple [32, 33] can be
formed in the film (Fig. 1c). The life time of the bubble is
dictated by the spatiotemporal evolution (drainage) of this
liquid film. The vivid dynamics accompanying the thin film
drainage of the tested worm-like micelles can be seen in the
accompanying Supplementary Video V1. Interestingly,
we observed a number of intriguing features in the drainage
of WLM solutions. For WLM systems with very low elastic
modulus, the drainage was similar to that of pure surfac-
tant solutions. However, as the elastic modulus increased,
we observed features including dimple recoil, thin film rip-
ping, streaming as well as single single step thinning. These
observations are discussed in more detail in the subsequent
sections, and the initial drainage is quantified first.
A convenient way to quantify the initial drainage dynam-
ics is through computing the mean film thickness h¯(t) =
(piR20)
−1 ∫∫ h(r, θ, t)rdrdθ [24, 25, 27]. In Fig. 3a, we re-
port h¯(t) for the different tested WLM solutions. From
Fig. 3a, we clearly observe that thin films of WLM solu-
tions drain very differently from those comprised of pure
surfactants. Firstly, the initial mean film thickness after
the bubble comes to a rest at the air-solution interface was
close to an order of magnitude higher in the WLM solutions.
Note that the saturation of the obtained mean film thick-
ness at a value of 5 µm is a result of the limited thickness
resolution range (< 5 µm) of the employed interferometric
technique. Secondly, the WLM solutions drained three to
four orders of magnitude slower than pure surfactant solu-
tions. Among the WLM solutions, we also observe that the
mean drainage rate is inversely correlated to the peak elas-
tic modulus E0 (see Supplementary Information Table
for the numerical values).
To further characterize the elastic effects on thin film
drainage, it is necessary to discount the viscous effects on
drainage. As the drainage in the initial stages is completely
mediated by capillary forces, a convenient way to discount
the effect of the viscous forces is to normalize the drainage
time by the capillary time scale τc = σνR . Here σ is the
surface tension, ν is the zero shear viscosity and R is the
radius of the bubble. The evolution of the mean film thick-
ness as a function of the non-dimensional capillary time
is plotted in Fig. 3b. Note that we have not plotted the
WLM sample with CD = 0.1M,CSC−1D = 2 as it neither
has a well-defined zero shear modulus nor a well-defined
relaxation time in the measured frequency range. The dif-
ferences in the drainage curves in the capillary scale are due
to elastic effects. To build intuition into the results in Fig.
3b and to appropriately quantify the elastic effects, it is
helpful to consider a model system for thin film drainage.
Assuming a flat film model with free slip at the bound-
aries and a upper convected Maxwell model for the WLM
solution, the non-dimensional thickness of the film can be
shown to satisfy the following governing equation with a
single parameter φ [34],
2φhˆ2
d2hˆ
dtˆ2
+ 4φ2
(
dhˆ
dtˆ
)3
− 3hˆ
(
dhˆ
dtˆ
)2
− 2hˆ2 dhˆ
dtˆ
= 0. (1)
Here hˆ is the thickness of the film non-dimensionalized by
the initial height of the film, tˆ is time non-dimensionalized
by the capillary time scale τc = σνR and φ is physically
identical to the Deborah number and is relaxation time of
the WLM solutions non-dimensionalized by the capillary
time scale. In the limit of φ→ 0, we recover the Newtonian
result. Note that the above equation does not account for
the disjoining forces and hence is only valid when the film
thicker than 100 nanometers [35]. See Supplementary
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Figure 3: Drainage of wormlike micelles. a. Evolution of the mean film thickness over time for the different tested wormlike micellar solution and
a pure surfactant solution. The solid lines correspond to samples in Fig. 2a, the dashed lines correspond to samples in Fig. 2b and the dash-dot
line corresponds to the pure surfactants. E0 is the plateau modulus of the wormlike micellar solutions. b. Mean film thickness evolution as a
function of time non-dimensionalized by the capillary time scale τc = σνR . Here σ is the surface tension, ν is the zero shear viscosity and R is
the radius of the bubble. The legend indicates the values of φ for the system, where φ = λ/τc is physically identical to the Deborah number of
the system, and is calculated as the relaxation time (λ) of the WLM solutions non-dimensionalized by the capillary time scale. Note that the
saturation of the obtained mean film thickness at a value of 5 µm is a result of the limited thickness resolution range (< 5 µm) of the employed
interferometric technique.
Materials for the derivation of Eq.1.
Physically, as φ increases, the contribution for the elas-
tic stresses increase and the drainage rate is expected to
fall (See Supplementary Materials for solution of Eq.1
for various values of φ). Indeed, we observed this to be
the case for WLM solutions for the moderate values of φ
(WLM samples denoted by the dashed lines). At small val-
ues of φ the drainage characteristics are similar to those
of viscous fluids. However, as φ increases we observed fas-
cinating elastic effects such as dimple recoil (see Section
3.2). At higher values for φ (WLM samples denoted by the
solid lines), we observed that the drainage rate starts to in-
crease. This is expected as the worm-like micellar solutions
can dramatically shear thin at high stresses. In addition to
this expected effect, a closer look into the videos collected
from the top camera (see Supplementary Video V1 ) re-
veals that in these cases where the capillary stresses are
many times larger than the elastic modulus of the WLM
solution, the WLM films also fail structurally below a criti-
cal thickness. The resulting dynamics resemble the ripping
of a fabric and hence will be referred to as ‘ripping’ in the
subsequent sections in the manuscript. This structural fail-
ure along with the shear thinning nature of the WLM so-
lutions are a possible explanation of the increased drainage
we observe in samples with very high values of φ.
3.2.1. Elastic effects in thin film flows
As dimple recoil and thin film ripping are features that
have not been reported before, we will briefly discuss them
further in this section.
In Fig. 4a we show a time sequence detailing the phe-
nomenon of dimple recoil. Initially, similar to a surfactant
solution, the dimple washes out to the periphery. How-
ever, the elastic effects prevent a complete washout. As the
film thins and the capillary stresses decrease, the dimple
retracts back to the center of the bubble. Note this elastic
recoil is dramatically different from the known phenomenon
of spontaneous dimpling [24, 36, 37]. Unlike spontaneous
dimpling where the dimple repeatedly washes out and re-
forms, during the phenomenon of elastic recoil, the dimple
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Figure 4: A sequence of interferograms observed over a bubble in a worm like micellar solution with CD = 0.1M,CSC−1D = 4 and showing
the elastic recoil of the dimple. The corresponding reconstructed physical film thickness profiles and time stamps are indicated below the
interferograms with t = 0 indicating the time at which the bubble encounters the flat air-water interface. Note that the saturation of the obtained
mean film thickness at a value of 5 µm is a result of the limited thickness resolution range (< 5 µm) of the employed interferometric technique.
partially washes out and retracts to the bubble apex once
during the life time of the bubble.
In Fig. 4b we show a time sequence detailing the phe-
nomenon of thin film ripping. This phenomenon, similar to
dimple recoil, starts with the partial washout of the dim-
ple. Unlike the latter, as the capillary forces far exceed the
elastic modulus of the WLM (indicated by the large values
of φ), the dimple does not recoil. Instead, below a criti-
cal thickness, the film structurally fails near the thinnest
region of the film. As the ripping of the thin film pro-
gresses, ejected micellar chunks (revealed as white spots)
are observed to stream around the thin film (see Supple-
mentary Video V1 ). The ripping process is completed
when the dimple is completely washed out, leaving behind
a black film. A consequence of this ripping process is that
the WLM film progresses to black film in a single step-wise
manner. This curious feature of WLM solutions observed
in the terminal phases of drainage is discussed in the next
section.
3.3. Step-wise thinning and domain expansion dynamics
Fig. 5a shows representative snapshots of the final stages
of thinning for a pure CTAB and WLM solutions. CTAB
solution, in the absence of salt, exhibited step-wise drainage
with a step-size of around 10 nm, similar to what was seen
for sodium dodecyl sulfate (SDS) [38]. This step-wise hole
opening and thinning is attributed to the structural disjoin-
ing pressure and breakup of layers of micelles trapped in
the thin film. In the case of worm-like micelles, two signif-
icant differences were observed. First, instead of multiple
smaller steps, the transition to a black film is in a single
step from a thickness of around 80 nm to a Newton black
film. Moreover, the kinetics of hole opening depended on
the bulk rheological properties of the solution as described
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Figure 5: Single step thinning in wormlike micellar solutions. a. Ter-
minal stages of drainage showing step-wise thinning of the thin fluid
film for a pure CTAB solution (CD = 0.01M) and WLM solutions
with CD = 0.03M , CSC−1D = 7.6 and CD = 0.1M , CSC
−1
D = 4.
The numbers denote the steps of decreasing film thicknesses. b. The
spatiotemporal expansion of the step wise formed newton black films
for bubbles in a pure surfactant (CD = 0.01M) and wormlike micellar
solution (CD = 0.1M , CSC−1D = 4). Bubbles in the pure surfactant
solution are observed to thin via multiple steps, while the bubbles
in wormlike micellar solution thins via single step. The error bars
are standard deviations of two non dimensional step areas obtained
using binarization thresholds varying by 10%. See Supplementary
Video V2 for a side-by-side comparison of the terminal thinning of
surfactant and WLM films.
in the earlier sections. This is further elucidated in Fig. 5b,
which shows the spatial expansion of the black film, with
time, following micellar breakage. The pure surfactant so-
lution drains in multiple steps, and two of the steps are
tracked here. Whereas the thin films of WLM fluids drain
in a single step. It can be seen in Fig. 5b that the kinetics
of hole expansion is slower for the WLM as a result of the
increased viscoelasticity. Yilixiati et al. have investigated
the effect of salt on the step-wise thinning of ionic surfac-
tant (SDS) solutions [39]. They also observed a decrease
in the number of steps on the addition of salt to the sur-
factant solutions, due to differences in the supramolecular
oscillatory disjoining pressures induced by the salt. How-
ever, the step size, in their case, decreased with salt con-
centration. In our case, the step size is representative of
the supramolecular structure of the worm-like micelle and
therefore is higher than the pure CTAB micelle case. This
step size of around 50 nm is identical to the mean lengths of
the CTAB/NaSal worm-like micelles, studied at a variety
of CSC−1D values using small angle neutron scattering [40–
42]. Similar jumps in film thicknesses have been observed
for other WLM fluids [43]. Therefore, for simple surfactant
solutions, the step size is lower and roughly corresponded
to the size of the surfactant micelle, whereas in the case of
WLM, this higher value corresponded to the length scales
observed in these worm-like living polymers.
4. Conclusions
In summary, we have reported the thin film drainage dy-
namics leading up to the bubble coalescence in wormlike
micellar (WLM) solutions. The results revealed a number
of striking characteristics of film drainage in WLM solu-
tions that are dramatically different from those of bubbles
in pure surfactants. Firstly, as expected, the drainage rate
of thin films of WLM solutions are dramatically slower than
those of pure surfactants due to the high bulk viscoelastic-
ity. As a result, bubbles in WLM solutions are more stable
against coalescence, with their lifetimes approximately scal-
ing with the inverse of the peak elastic modulus. Secondly,
the supramolecular structure and elasticity of WLM solu-
tions alters the common sequence of events associated with
thin film [26]. Notably, we observed a phenomenon we call
as dimple recoil, whereby the partially washed out dimple
is elastically pulled back to the bubble apex. In certain
WLM solutions, beyond a critical thickness, we also ob-
served a structural failure of the film that we termed as thin
film ripping. Finally, the terminal drainage characteristics
of WLM solutions are also different. Interestingly, WLM
films shows single step thinning with step sizes comparable
to the characteristic sizes of the WLM. The expansion dy-
namics of the Newton black domains are also different with
the elastic effects dramatically altering the spatiotemporal
evolution of the newton black spots.
The results from the current study has two important
implications for scientific efforts focused on understanding
of life and death of bubbles [44]. Firstly, we have revealed
the fascinating dynamics at play on the surface of bub-
bles in WLM solutions during its life time. These results
complement prior research that has documented the inter-
esting events that accompany the death (rupture) of bub-
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bles in WLM solutions [21, 22], and thus gets us closer to
completely understanding the life and death of bubbles in
WLM solutions. These results also supplement the signifi-
cant work that has been done in the past on the dynamics
and coalescence of bubbles in viscoelastic media [43, 45–
48]. Secondly, our results reveal a hitherto undocumented
single step-wise thinning phenomenon in WLM solutions.
This observation complements and opens up new venues for
the decades long research looking at the terminal drainage
characteristics of thin films [38, 39, 49].
There remains several opportunities for future work that
would offer important extensions to the present work. First
and foremost, future studies could address limitation of the
current study in probing the drainage dynamics of films
thicker than 5 µm. Computational or experimental studies
may be designed to study drainage dynamics WLM films
larger than 5 µm. Secondly, future studies could systemat-
ically study the observed single step thinning phenomenon
as function of the surfactant and salt concentration, and
reveal the mechanisms at play.
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